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ABSTRACT: We compute correlators of chiral operators in (0,2) supersymmetric Landau-
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methods provide o/-exact results about certain superpotential couplings in compactifica-
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1. Introduction

The heterotic string provides a natural setting for studying d = 4 Poincaré-invariant mod-
els of particle physics coupled to four-dimensional quantum gravity. A key feature of this
framework is that perturbative heterotic backgrounds can be described in the RNS for-
malism where the necessary and sufficient requirements to preserve N = 1 space-time
supersymmetry are well known: the internal world-sheet theory must be a unitary ¢ = 9
(0,2) superconformal modular-invariant theory with integral R-charges [[l].

Recent results [B, f], building on earlier work [, f] have shown that contrary to initial
expectations ], large classes of appropriate (0,2) SCFTs may obtained as low energy limits
of (0,2) supersymmetric sigma models. In particular, (0,2) deformations of many well-

understood CFTs with (2,2) SUSY are unobstructed and correspond to additional massless



fields in spacetime. The (2,2) locus is distinguished merely by degree of computability, in
much the same way as a Gepner point is distinguished in the moduli space of the (2,2)
SCFT corresponding to the quintic Calabi-Yau 3-fold.

In light of these developments we must ask to what extent the familiar properties
of (2,2) theories, such as mirror symmetry, special geometry, and the computability of
Yukawa couplings continue to hold in generic (0,2) models. This is not idle curiosity: the
presence of the (0,2) deformations of (2,2) theories indicates that even in such a familiar
example as the heterotic string compactified on the quintic, we only understand a slice of
the full moduli space!

Important progress has already been made on these issues. Already some time ago,
evidence for (0,2) mirror symmetry appeared in [fJ]. Shortly thereafter, a number of dual
pairs were constructed using a (0,2) analogue of the Greene-Plesser construction [g, .
The comparison of spectra in these mirror pairs utilized the techniques to compute elliptic
genera of (0,2) Landau-Ginzburg theories developed in [I(J]. More recently, mirror descrip-
tions of (0,2) gauged linear sigma models were proposed [[[]] using a generalization of [[J].
The main object of study in these models is a truncated chiral ring that resembles the
more familiar chiral rings studied in (2,2) theories [[[1], [J, [[4). This ring provides a (0, 2)
generalization of (2,2) quantum cohomology [[L1], [5]. In order to check these results, Katz
et. al. [Id, [[4) have directly computed worldsheet instanton corrections to correlators in
the original (0,2) linear sigma model. Significant progress has also been made in directly
computing instanton generated superpotentials in geometric (0,2) compactifications [@f
7).

There has also been substantial effort in developing a general theory of half-twisted
non-linear sigma models [RI]-R4]. These theories are the natural (0,2) generalizations of
the topological sigma models familiar from the study of (2,2) theories. In worldsheet per-
turbation theory they make contact with the mathematical theory of chiral differential
operators and the definition of mirror symmetry in terms of mirror chiral de Rham com-
plexes. This approach may well lead to a general framework for the study of (0, 2) heterotic
compactifications and mirror symmetry off the (2,2) locus.

The focus of this note is somewhat different. We observe that in a large class of
(2,2) theories, namely those obtained as low energy limits of linear sigma models, many
correlation functions are readily computable by topological field theory techniques. To
what extent do these methods apply once the theory is deformed off the (2,2) locus? If
they do extend in a straight-forward fashion, then we already have methods to compute
correlators in (0, 2) theories. With these computations in hand, we will be able to study the
dependence of the Yukawa couplings on the bundle moduli, the structure of the singular
locus in the CFT moduli space, the stringy resolution of the singularity, and the (0,2)
mirror map.

We have studied the simplest class of such theories—(0,2) deformations of gapped
(2,2) SUSY Landau-Ginzburg (LG) theories, and we have found that we can easily com-
pute correlators of local chiral operators in the corresponding half-twisted theory. The
correlators are given by a weighted sum over the classical supersymmetric vacua and vary
smoothly across the (2,2) locus.



Given that our ultimate interest is in conformal models, it may seem strange to study
gapped theories. However, experience with (2,2) theories suggests that the seemingly
strange is natural. For example, in Vafa’s solution of topological Landau-Ginzburg mod-
els RY], computations are effectively done by adding a relevant deformation to the su-
perpotential, performing the necessary computations, and then taking the deformation
parameters to zero. Another relevant example is the quantum restriction formula of Mor-
rison and Plesser [Pf], which relates certain correlators in the sigma model associated to
a Calabi-Yau hypersurface in a Fano toric variety to sums of correlators in the sigma
model for the ambient toric space. Finally, linear sigma model computations are often
directly translatable into LG computations, either by following a dualization procedure as
in [, [1], or by directly working on the Coulomb branch of the linear model [R7).

The rest of the paper is organized as follows. In section [}, we discuss (0,2) deforma-
tions of (2,2) linear sigma models. This will motivate the Landau-Ginzburg theories we
consider in section f]. We compute correlators in these theories in section [] and apply the
general results with a couple of illustrative examples in section [J. Section [] contains our
conclusions.

2. (0,2) deformations of (2,2) theories

In this section we review the standard construction of (0,2) deformations of a (2,2) lin-
ear sigma model [B§] and make some simple observations about the form of (0,2) mirror
symmetry.

2.1 Basic field content

The field content of the theory is easily presented in superspace.! Parametrizing the (0, 2)
superspace by (mi, 9+,5+), we can construct superspace derivatives 2., 7, and use these
to define irreducible representations of the right-moving supersymmetry. As the linear
model is a gauge theory, it is convenient to work in Wess-Zumino gauge in presenting these
multiplets. The superfields we need are as follows:

1. The chiral multiplets ®, i = 1,..., N are bosonic multiplets that satisfy Z,®' =0
and have expansion
& = ¢ + V201 —i6T8 D¢

2. The Fermi multiplets I'* are anticommuting multiplets satisfying
2,1 = 2E(®) with superspace expansion
I =~ — V207G —i6070 Doy’ — V20" EY(®).
3. The vector multiplets V,, a =1,..., N — d, have the superspace expansion

Va,—i— = 0+§+'U+7

Voo = v — 20X —2i0 Ao +20%6' D,.

!The reader unfamiliar with (0,2) superspace will find a concise presentation of the necessary details
in



The “matter” fields ® and I'¥ are minimally coupled to the abelian vectors with charges

¢, and the D above are covariant derivatives with respect to this connection. In general,
a (0,2) theory need not have any natural pairing between the chiral and Fermi multiplets,
but theories with a (2,2) locus do have this pairing. The action may then be written as
S = Skin + Sk1 + Sy, with

Sn = [ dPy0 {— T T, - ST (0 +iQEV )0 - ST T
3ef 2 2

— i 2 +( ;-0 °
SF—I = 1 /d de <Z7’ + %>Ta‘§+:0 +h.C.,
Sy = LI [ doTT J;(®)) +h.c (2.1)
J — \/5 y 7 §+:0 .C.. .

Here T, is the supersymmetric gauge-field strength, r»* are Fayet-Iliopoulos parameters, 6%
are the theta angles, and the J; are polynomials in the ®® with charges —Q%. This theory
will have (0,2) SUSY provided that the E* and J; satisfy the constraint >, E*J; = 0.

2.2 Linear model for the quintic

In order to construct the linear model for the quintic with (2,2) SUSY, we will need six
charged pairs of chiral and Fermi multiplets, with charges @; = (—5,1,1,1,1,1) under a
single gauge group, as well as a neutral chiral multiplet >. We set

E' =iV2Q, %",
and take the J; to be

Ji = a—W., where W = @5 (0!, ... ®°), (2.2)
oP?
and Ps5 is a generic homogeneous quintic polynomial. The superspace presentation makes
it clear that this action has (0,2) supersymmetry. In fact, a number of carefully made
choices ensure that the action has the full (2, 2) supersymmetry expected from the heterotic
compactification on the quintic with standard embedding.
This massive theory is believed to flow to the desired superconformal theory in the
IR ] We will not repeat the many convincing arguments for this here. For our purposes,
it will be sufficient to illustrate that this might be so by considering the classical vacuum
structure of the theory. This may be determined from the scalar potential

2 2
U= %(Z@wiﬁ—r) Y IEP D (2.3)

The classical vacuum structure is determined by solving for U = 0 modulo gauge equiva-
lence. When 7 is taken to be positive, the first term and the gauge quotient force the ¢
to parametrize the total space of the bundle O(—5) — P*. The second term requires the
neutral scalar o to be zero, while the last sum further restricts ¢° to vanish, and the ¢* for
i=1,...,5 to parametrize the quintic hypersurface Ps = 0 in P*.
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Table 1: R-symmetry charges of the (0,2) multiplets in the GLSM.

The moduli space of the (2,2) conformal field theory may be parametrized in terms of
UV data in a simple way: ir + 6/27 corresponds to the complexified Kéhler class of the
quintic, while the complex coefficients in P5 modulo the action of GL(5,C) correspond to
the 101 complex structure moduli.? Of course this is not the entire story since the theory
has a number of additional deformations that only preserve (0,2) supersymmetry.

The action in eq. (R.1)) will be supersymmetric for any E° and J; that satisfy > E'J; =
0. When E' and J; are chosen as above, gauge invariance implies that the constraint is
satisfied, but this is not the only way to satisfy the constraint. In order for the conformal
theory to correspond to the desired string vacuum, the deformations should preserve the
right-moving R-symmetry, as well as a left-moving global symmetry U(1)z, which at the
(2,2) locus becomes the left-moving R-symmetry.®> The charges of the fields under these
symmetries given in table [I.

It is an easy exercise to show that these symmetries fix the form of the E* and Jy, while
for i > 0 they constrain J; = ®°G;, with G; arbitrary quartic polynomials in ®!, ..., ®5.
The G; depend on 350 additional parameters, but the constraint ), E'J; = 0, eliminates
126 of these, leaving 224 additional deformations that preserve (0, 2) supersymmetry. These
are the 224 deformations of the tangent bundle familiar from the textbook discussion of
the quintic [Bd]. One lesson that is immediate from the form of the Lagrangian is that
away from the (2,2) locus all of the J; deformations, whether complex structure or bundle,
ought to be treated on the same footing.

2.3 (0,2) Mirror Symmetry: Lessons from the (2,2) Locus

The (2,2) locus of the quintic possesses the wonderful property of mirror symmetry. Al-
though mirror symmetry is a phenomenon associated to the equivalence of two conformal
theories, in most known examples dual pairs may be constructed in terms of dual pairs of
massive linear models [B1]]. For example, in the case of the quintic we can write down a
mirror linear model with 101 complexified Kahler parameters and a single complex struc-
ture modulus. The identification of the parameters between the theories is complicated by
the usual mirror map* but up to this coordinate re-parametrization, we can easily identify
the mirror theories.

As we discussed in the introduction, there are good reasons to believe that there should
be a generalization of mirror symmetry off the (2,2) locus. Assuming this generalization

*We hope the reader will forgive our usage of these geometric terms for the moduli of the abstract
conformal field theory. We should also point out that the linear model parametrizations of the Kahler and
complex moduli are not those of special geometry.

3 A pedagogical discussion of this point may be found in [@]

4In the linear model this is generated by the point-like instantons in the gauge theory [@]



exists, what may we learn about it from the form of the Lagrangian? The simplest guess
would be that given a (0,2) CFT arising as the IR limit of a linear model, there ought
to exist a linear model that flows to the dual theory. Thus, a linear model specified by
the data 7%, E*, J;, should have a dual specified by 74, E‘I, J;.5 On the (2,2) locus we can
split the J; deformations into those that preserve (2,2) SUSY—JZ-(M) and those that only
preserve (0, 2) SUSY—JZ-(O’2). The usual (2,2) mirror symmetry suggests that on the (2,2)
locus we can identify the complex structure parameters with the mirror Kahler parameters,
and vice versa:

7% — A}2’2)7
Jz‘(m) o 74, (2.4)

and at least infinitesimally, we would expect to identify the (0,2) deformations as

)

E o J0 (2.5)

Ji(072) PN E[

2.4 (0,2) Mirror Symmetry for Fano Varieties

The full set of these deformations will be difficult to study all at once, and an important
simplification may be made by setting J; = 0 and choosing the combinatoric data so
that the moduli space of the linear model is compact and toric. Although these theories
are gapped, their chiral ring contains holomorphic data generalizing the familiar Gromov-
Witten invariants to include bundle deformations.

On the (2,2) locus it is known that there is a notion of mirror symmetry even for
these massive theories. The basic observation is that one may use a dual Landau-Ginzburg
description to compute the chiral ring of these theories. This description is easy to obtain
either by using a dualization procedure as in [[{J], or by doing computations on the Coulomb
branch of the linear model 7).

The work of [[L1] suggests that this dual description should also exist off the (2, 2) locus.
Based on that work, it appears that in this class of models the generalized mirror map
should relate the 7, E deformations of the GLSM to superpotential (i.e. J;) deformations
of a dual LG model. To test this, it is important to learn to compute correlators in (0, 2)
Landau-Ginzburg theories. This is the issue to which we turn in the next section.

3. Half-twisted Landau-Ginzburg models

To construct the Landau-Ginzburg theories of interest, we can simply drop most of the
terms in the linear model Lagrangian. Dropping the gauge fields, we are left with a simple

5To be precise about this exchange, we would need to develop analogues of “toric” Kéhler deformations
and “polynomial” complex structure/bundle deformations [@] These are the deformations of the CFT
that may be easily identified with UV parameters of the linear model.
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Table 2: Axial U(1) R-symmetry in the Landau-Ginzburg theory.
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Table 3: The action of (0,2) supercharges in LG model with E* = 0.

action: S = Skin + S:

Skin = /d/zydm9 {_Egani - lfiri} ;
2 2
1 i
S1=-75 d*ydo T Ji(®)] 5+, + hoc.. (3.1)

The component Lagrangian in Euclidean signature is given by

L = 40,¢'0:0 + 20", 0.0% + 27040 + Jidi — Ji At — T
+E'E’ — El,ﬂ/&-ﬁl_ - FZ,;’YZ_Ei- (3.2)

We observe that an identical theory is obtained by switching v_ with 7_, and the J; with
the E'. The (2,2) locus corresponds to E* = 0 and Jij = Jji, in which case we may write

Ji = OW/0d'.

3.1 The half-twist

The (2,2) theory possesses an axial R-symmetry U(1)p, with the action given in table [
This R-symmetry may be used to twist the (2,2) theory to obtain the B-twisted topological
field theory. Not all (0,2) deformations preserve U(1)p: while any J; deformation is
allowed, the E' must remain zero. Thus, the half-twisted theory will only be of use for
the study of the J; deformations. Our discussion of the (0,2) linear models and their LG
“mirrors” suggests that this restriction is quite natural, at least for the case of linear models
without superpotential, and we will now restrict attention to LG models with E? = 0.

With this simplification, the action of the (0,2) supercharges @, Q) is as given in
table fJ. We can now follow the standard procedure for constructing the twisted theory [BJ].
Let T be the Lorentz generator in the untwisted theory. The Lorentz generator in the
twisted theory is then taken to be T/ =T — %V. Its action on the fields and @, is given in
table []. In particular, we see that %@ 4 becomes a world-sheet scalar fermionic operator,



ol il K s e i [
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Table 4: Lorentz symmetry before and after the twist.

which we will denote by @. It will also be useful to rename the fermions:

Yy — psz,
V- — Mz,
E—F - 97
v — X (3.3)

With this notation, the Lagrangian for the twisted theory takes the form
L = 482(151855Z + 2p§629i + 27’}285)(@' + Jljl — J@jp%”l’}i — 7i,jxi0j
= 2020:x" — Jigolnt +{Q,V}, (3.4)

where V = —2p%8zal + X'

So far, we have formulated the theory on a flat world-sheet. It is not hard to re-write
the twisted action in the background of a fixed world-sheet metric g. We find that the
action takes the form

S = / {*g [Elvd(ﬁl + szz — Xijid'@j} + pi A *g(‘%’
X
+in' A O + %J@jni A pj} . (3.5)

The *, denotes the Hodge star map constructed with the metric g. The first line above is
Q-exact, so that we may write S = 8" + {@, V}, with

S’ = / {’mi A 5Xi + %J@jni A pj} ,
b
V= / {—pi A *géai + *gxiji} . (3.6)
b
Having constructed the Lagrangian, we may now define the half-twisted theory by pro-

jecting onto the cohomology of ). That is, we compute correlators of Q-closed operators.
These decouple from Q-exact terms, in the sense that

(Or(z1) - Oplp){Q,W}) =0 (3.7)

for all Q-closed @; and all W. In what follows, we will be concerned with correlators of
Q-closed local operators. Inspection of the Q action shows that these are generated by
#'(z, Z) modulo the relations J;(¢) = 0.



3.2 Twisting versus half-twisting

The half-twisted theory superficially resembles the familiar twisted topological theory ob-

a world-sheet scalar under the U(1)p twist, and one may use @ = Q, + Q_ as the BRST
operator. In this case, the twisted action may be written as

tained from a (2,2) Landau-Ginzburg theory. There, in addition to Q T Q_ also becomes

S = Stop + {Q7 V}7

with Siop a term independent of the world-sheet metric. This result has two important
consequences. First, the energy-momentum tensor is (Q-exact, and it follows that the corre-
lators of local Q)-closed operators are independent of the positions of the insertions. Second,
we may use the metric independence of the twisted theory to simplify computations: on
the one hand, rescaling the world-sheet metric g — Ag is a Q-trivial deformation of the
action, while on the other hand as A\ — oo, the semi-classical expansion about the critical
points of the potential becomes an arbitrarily good approximation P5]. In the (2,2) case,
this leads to a simple formula for correlators of local observables on a Riemann surface of
genus h:
(@ (1) - ¢ (w))p = D @it -+ ¢ [det Hess W], (3.8)
on

where ¢, denotes a critical point of the superpotential.

Do these results survive off the (2,2) locus? Examination of the (0,2) action suggests
a negative answer, since S’ depends on the complex structure chosen on the world-sheet. A
choice of complex structure is equivalent to the choice of projectors on the space of 1-forms
on the Riemann surface: m: Q' — Q19 and 7 : Q' — Q1. Combining p and 7 into a
single fermionic 1-form x = n,dz + pzdz, we have

S = / {z’m{i ATdx" + %J@ﬂmi A %/{j} . (3.9)
b

Thus variations of the complex structure modify the action. A closely related problem is
that the energy-momentum tensor is no longer exact, and seemingly we can no longer argue
that the correlators are position-independent. Instead, by following the (2,2) argument,
we will find that the correlators are only constrained to depend holomorphically on the
positions of the insertions; see, for example [R1].

Fortunately, there is one feature that the twisted and half-twisted theories do have in
common: a constant rescaling of the world-sheet metric modifies the action by BRST-trivial
terms. Thus, even in the (0,2) case, we may compute the correlators exactly by working in
the limit of an arbitrarily large Riemann surface. In this limit fluctuations about the vacua
are suppressed, and we expect the semi-classical expansion to become exact. Furthermore,
in gapped (0,2) theories it is clear that in this limit correlators become independent of

6 Since this rescaling of the metric is Q-exact, we

positions of the inserted operators.
conclude that the correlators of local Q-closed operators will be position-independent and

are computed exactly by the semi-classical expansion about the vacua.

SWe expect this to be true in the conformal case as well but this calls for a more careful analysis.



The spirit of this discussion should be familiar from the work on generalizing the
structure of the chiral rings to (0,2) theories [[LI], [[4]. These authors faced similar is-
sues in discussing gapped non-linear sigma models, and they relied on Q-triviality of con-
stant rescalings to argue for the existence of the ring structures off the (2,2) locus. It is
not surprising that we should be able to use similar arguments in the simpler setting of
Landau-Ginzburg theories. Indeed, here the arguments are more transparent because all
the problems and their resolutions are already visible at tree-level, while in the non-linear
models one has to carefully consider the one-loop beta function and the corresponding fact
that quantum-mechanically T, fails to be Q-exact.

Our basic conclusion is that, at least as far as genus zero correlators of local opera-
tors are concerned, the half-twisted gapped Landau-Ginzburg theory is not sensitive as to
whether it is on or off the (2,2) locus. The dependence on the world-sheet complex struc-
ture is an interesting feature of the theory on higher genus Riemann surfaces. It is not clear
to us whether it will show up in correlators of local observables, or will only be sensitive to
insertions of non-local operators. Since to discuss higher genus amplitudes we would need
to couple the theory to world-sheet gravity, we will not discuss this depdendence further.
In what follows, we will restrict attention to genus zero correlators.

The form of the correlators on the (2,2) locus (eq. (B.§)) leads to an obvious guess for
the form of the correlators in these LG models:

1
(@) o)) = Yot ol et gy | (3.10)
o ’

where the sum is over the classical vacua, J;(¢.) = 0. In the next section we will derive
this expression by a simple semi-classical expansion.

4. The semi-classical expansion

4.1 The free theory

We begin by solving the free theory on the sphere. We take J; = miquj . The action is
quadratic in the fields, so we should have no trouble computing all the correlation functions.
The computation carried out here is entirely straightforward, and as expected, we will find
that a non-zero answer is entirely due to the zero modes. The non-zero modes cancel out
as a consequence of supersymmetry. We emphasize that this is to be expected, but we
nevertheless present the computation because it is the simplest hands-on example, and it
certainly guides our intuition for these sorts of (0,2) determinants.

It will be convenient to deal separately with the bosons and fermions, so we will split
the action accordingly: S = Sp, + S;:

Sy = /252 (A6 + mygmig] ¢,

Sy = / ot A *959i +in' A OX' + %mijni Apl— *gmijxiej. (4.1)
b

— 10 —



We will solve the theory by a mode expansion in terms of the eigenfunctions of the
Laplacian on the sphere:

Adfoz = /\ifon /Zfa A *gfﬁ = 5a6- (4'2)

> = A\2/2. We may use these
eigenfunctions to expand all the fields. To keep notation simple we will drop the flavor

Since the Riemann surface is Kéhler, it follows that ||0f,

indices. We write the expansion as

¢ = ¢o/v/Volg + > ba fa;

0 = 6o/+/Vol, + i@afa,

X = xo/+/Voly + iXafou

n=> %naafa,

p=> %paafa- (4.3)

The only change in this expansion for genus greater than zero would be the introduction
of n and p zero modes. It is these that may yield a dependence on the world-sheet complex
structure.

The action splits into a sum over the modes: S = S+~ 5% so that we can perform
the integration mode by mode. Let us first treat the zero modes. The action is

Sy = g mrimy; o,
S? = —Xémiﬁ{). (4.4)

Unlike a generic (0,2) theory, the models with a (2,2) locus possess a canonical choice
for the path integral measure, and with this choice we have

d2¢i ) )
Dlfieldsy] = | | —2dx}d0; 4.5
[fieldso] 1:[ - X0 (4.5)
for the zero modes. This leads to
—SO o 1 T o -1
Dlifieldsple™ = Totmtm detm' = (detm)™". (4.6)

The non-zero modes are not much harder. We can write the action as
5§ = = |\20 + (mim), | o4,
SF = Paradijfh — XaAadijih — Pl ('m), e — Xemi b (4.7)
It is convenient to re-write the fermion action by combining p, x%, into a row vector ¥,
and 7}, 0’ into a column vector ¥,. In terms of these variables, the fermion action takes

the form
S¢ = —T, A3, W], (4.8)

— 11 —



with A given by

Aol tm
AY = N . 4.9
( m +>\a]1> (4.9)
The measure for the non-zero modes is again canonical:
d2ét ..
Dlfields,] = / [T —2dni,dpi,ddidx,. (4.10)
Lo

The bosonic integral yields det [Aa + me] _1, and the fermionic integration gives
det(—A®), which is easily verified to be the inverse of the bosonic contribution. So, indeed,
as expected, the non-zero mode contributions cancel model by mode. Thus, it is easy to
see that, at least in the free theory, regularization is not an issue.

Finally, we can write down the correlators in this trivial example. The only non-trivial
observable is the identity, and we conclude that

(1) = (detm)™". (4.11)

4.2 Correlators via localization

Having disposed of the free field case, we are ready to tackle the more interesting theory
with arbitrary J;. Because we are projecting onto the ) cohomology, we expect that we
should be able to do all computations by a semi-classical computation about Q-invariant
field configurations. These are also the configurations that dominate the path integral when
we scale up the metric on the Riemann surface. Examining the @ variations, we conclude
that the field configurations are ¢ = ¢, satisfying d¢. = 0 and J;(¢.) = 0. In the case of a
gapped theory, the latter in fact requires ¢, to be constant on the world-sheet, so that the
Q-invariant configurations consist of a finite number of points — the simultaneous zeroes
of J; = 0. Thus, the correlators are given by

(@ (1) -+~ @™ (2r)) = D (D" (1) -+ " (@) "oy s 6)- (4.12)
6

with ¢' = ¢! + ¢, where ¢/i are the bosonic fields in the free theory. Using our solution
of the free field correlators, we find the expression advertised in eq. (B.10).
4.3 Properties of the correlators

We will now use the general expression to derive some properties satisfied by the correlators.
First, since the correlator is obtained by summing over the zeroes of J; = 0, it is clear that
our correlators obey the “quantum cohomology relations”

(0J;) =0 forall 0. (4.13)

Second, it is easy to derive selection rules that lead to constraints on the correlators.
Consider a global U(1) symmetry of the free theory, where the ® multiplets have charges
¢i, and the I'* have charges —(Q;. Suppose the J; depend on parameters t4. We can always
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U) | g |—a|a|—Qi|—a¢|Qi|Qa|Qi

Table 5: Charge assignments for selection rules.

assign these parameters charges ()4 such that J; has charge ;. Having done so, it is easy
to see that the U(1) action given in table [j is a symmetry of the action. When Q; # ¢,
this is an anomalous symmetry, but of course it may still be used to derive selection rules.
The transformation of the measure is easy to see in the twisted variables, where it is just
due to the zero-mode mismatch. Under a field redefinition p’ — e?®%p? 7' — e~*Qi%;i and
so on, we find that the measure shifts by Dlfields] — D][fields]A, where

N
Aa) = [ a9, (4.14)
i=1
This leads to the selection rule
(@ ™) (Mt 0) = A(e) exp (ic [giy + -+ + i, ]} (0" -+ ™)(1). (4.15)

As usual in supersymmetric theories, these rules are quite powerful once they are combined
with constraints from holomorphy.

Finally, we note that just as in the case of the (2,2) correlators, the (0,2) correlators
may be expressed by a residue formula:

i i1 Aot Ndd? A - A dpN
(¢ - ¢ >_(2m')N/c Jidy - IN

¢ ™, (4.16)

where C is a multicontour for the set of common zeroes of the .J; 2§, B4].

5. Examples

5.1 The (2,2) example

The simplest (2,2) LG theory that has a (0, 2) deformation is given by a massive deformation
of the product of A; and A, N = 2 minimal models. On the (2,2) locus, we have the
superpotential

1 1
W = k—HXk+l — tX + ﬁyp—i_l — SY (51)
In (0,2) language, we have
Jx = Xk _¢
Jy =YP —s. (5.2)

This simple theory has a discrete R-symmetry Zj, X Z,, under which X has charges (1/k,0)
and Y has charges (0,1/p). Recalling the Jacobian for the measure, we see that this
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symmetry implies that the (X4Y?) vanish unless A = k —1 mod k and B = p — 1
mod p. The quantum cohomology relations reduce the non-vanishing correlators to

(ka+k—1an+p—l> — thn<Xk_1Yp_l>. (53)

Finally, using our formula, we see that

Xb-lyp!
<Xk_1Yp_1> — Z % — 1 (54)
3 B XETYT

5.2 A (0,2) deformation

The simple theory we just solved has plenty of (0,2) deformations. As a concrete example,
let us pick

Jx = XF —t—ay,
Jy =YP —s. (5.5)

The (2,2) locus is given by a = 0. The quantum cohomology relations yield the constraints

<XAYB> _ t<XA—kyB> + Oz<XA_kYB+1>,
(XAYB) = s(xAyB-P), (5.6)

Thus, the undetermined correlators have A < k and B < p. Furthermore, the theory still
has a Zj symmetry under which X has charge 1/k and Y is neutral. Applying the same
considerations as above, we see that we just need to consider the correlators with A = k—1.
The quickest way to proceed is again to just use the explicit form for the correlators:

k—1v B Z D 12 B—p+1
(XP7YP) = —— o= YT (5.7)

Thus, the non-vanishing correlators have B = np+p—1, and (X k_lYp_1> = 1. Using this,
it is easy to see that there are new non-vanishing correlators when « # 0. For example, we
find

<ka+k—lyp—1—m> — ™. (58)

We can use this example to illustrate a simple trick often useful in these computations.
This is essentially a specialization of the more general residue results mentioned above. To
compute (X4YP) we need to sum over the simultaneous zeroes of Jx and Jy. We can
solve for X* in terms of Y, and then be left with a sum over the roots of Y? = s. Using
the the familiar relation

DRNSE SCHELE) 5.9)

2« | P(2+)=0

where C' encloses the roots of the polynomial P(z), we are left with an elegant formula for

C

the correlators:

211 2P — s
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where C' is a contour given by |z| = |s| 4+ € for some positive €. In this case, it is a simple
matter to pull the contour around to encircle z = oo, where the residue is easy to evaluate,
leading to the non-zero correlators being given by

o Kl duK 1 — ap“p
u=0

K K
<ka+k—1YK+;D—1—m> =a™ <3> 1 d M . (511)

More generally, this kind of approach makes it clear that there is never any need to evaluate
specific roots — a good thing, as this would make the problem quite nasty. In fact, all of
our computations may be performed algebraically.

5.3 The (0,2) mirror of P! x P!

A generalization of the Hori-Vafa dualization procedure for (0,2) models was proposed
in [[L1]]. The starting point for the most interesting example in [L] is the (2,2) GLSM for
P! xP'. We will now describe the linear model, the dual Landau-Ginzburg theory proposed
in [1]], and we will then compute correlators in the dual theory.

The field content of this theory is easy to get by adapting the action for the quintic
given above. To get a P! model, we need two chiral fields ®' and their Fermi multiplets
I'Y, i = 1,2 that are minimally coupled with charge 1 to a gauge field V with field-strength
T. To be on the (2,2) locus, we also need to introduce a neutral chiral field 3. Gauge
invariance forbids non-zero J;, and (2,2) SUSY requires E? = iv/2%®%. The theory depends
on a single complexified F-I parameter 7 corresponding to the complexified Kéahler class of
the PL.

To get the theory considered in [[L1]], we introduce a second P!, with field content <T>i, fi,
V, T, %, and another F-I parameter 7. This P! x P! theory has (0,2) deformations that
are visible in the linear model. Following [[L1], we consider

E' = z‘ﬁ{@lz + (@' + 0y ®?) }
E? = iv2 {@22 + (D + o

gt
E' = Z\f{cp S+ (5! +ﬁ2<1>2)}
iv/2 {@22 T 52@2)} (5.12)

E2

Not all of these deformation parameters are independent: sending (a, o) — (A, Aa’) and
(8,0") — (uB,uB") corresponds to trivial deformations for any non-zero p,\. Thus, there
are a total of six independent (0,2) deformations.

Dualizing this model leads to a (0,2) Landau-Ginzburg theory with two chiral super-
fields X,Y and

P, S
— X+ Ly 2L
Jx +X+q1 +Y,
Py S

Jy =Y + 22 4 o X + 22 5.13

Y 3t eX+ 5 (5.13)
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where ¢1, g2 are some functions of «, 3, and

P1 = _(1 +p1(a7ﬁ))627ri7', Sl = _Sl(avﬁ)e27ri7~—7

P, = _(1 +p2(a75))e27ri777 Sy = —Sz(a,ﬂ)e%”, (514)

The (2,2) locus corresponds to p; = s; = ¢; = 0.

Like the Landau-Ginzburg theories we have been discussing, the (0,2) linear model
admits a half-twist, and one expects that in a massive model of the sort just described,
one should still be able to compute correlators of half-chiral observables. In this case, it
would amount to computing correlators of the form (0%5%), where the (o, ) are the lowest
components of the (3, i) multiplets. Recently, Guffin and Katz [I7] computed a number
of correlators in this half-twisted linear model, expanding upon earlier work of Katz and
Sharpe [[Lf]. By studying the moduli space of instantons of degrees 0, 1,2, Guffin and Katz
were able to compute a number of correlators for a generic (0,2) deformation of the theory.
This required an impressive array of algebraic techniques and substantial computational
effort, and it yielded a quite elegant form for a number of correlators.

Our simple observations on the (0,2) Landau-Ginzburg correlators now allow us to
compare the results of Adams et. al. with those of Guffin and Katz. By computing the
correlators explicitly, we will be able to make a quantitative test of generalized (0, 2) mirror
symmetry. At this time the story is still incomplete and, as has been discussed in [[[7], the
real issue is the form of the mirror map. In fact, there are, in principle, three separate
issues:

e What is the precise form of the (p,q, s) as functions of («, 3,, 3')?

e Is there a parameter-dependence in the relation between insertions of o, and inser-
tions of X,Y? We know this is not the case on the (2,2) locus, but it is possible (and
likely) that this is modified for a generic (0,2) deformation.

e The dualization produces an additional factor in the measure of the theory. On the
(2,2) locus, this amounts to replacing det J with XY det J. Is this measure factor
modified off the (0,2) locus?

We will not address these issues in this paper. Instead, we will content ourselves with
a solution of the model of [[L]], and leave the applications of this solution to upcoming
work [B].

With this modest goal in mind, we return to the Jx,Jy of eq. (p.13). Elementary
counting of solutions reveals that generically, the zeroes consist of four points in (C*)2.
Although at first the equations look a little formidable, a simple trick renders them quite
simple. We can “integrate in” a field Z with Jz = Z — XY without changing the chiral
ring. Working in this theory, and first solving for (X,Y), we find that the vacua satisfy

P(Z) = (1 —quq2)Z* + (S1 + Sy — 1Py — Piq2)Z + S1S9 — P1Py = 0,
q12+P1Y Y2__Z(Z+Sl)

X = , .
Z + 5 @z + P

(5.15)
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The correlators are now given by the sum

(XAYP) =Y XvPdet T XYL (5.16)
Z+,Ys
where the last factor comes about from the change in measure proposed by [LJ].

With this form, a simple Maple routine readily yields correlators. For instance, we
find

S1 — 41 — q1p2
XX) = ,
(XX) (1+p2—s192)(1 — q1g2)
1
(XY) = ——,
1—qig2
<YY> _ $2 — (2 — q2p1

(1+p1—s2q1)(1 — q1q2)
(5.17)

Two of the three correlators vanish on the (2,2) locus, but sufficiently far away they
reveal interesting singularity structure. A naive comparison between these correlators and
the results of Guffin and Katz suggest that the singularity at giga = 1 corresponds to a
singularity in the linear model correlators, while the singularities at sjqgo — po = 1 and
$2g1 — p1 = 1 may be due to singular terms in the map from the o, to the dual variables
X, Y. Further work is necessary to determine whether this is indeed correct, and we hope
to report on these issues soon.

5.4 A conformal example

As our final example, we will show that it is also possible to apply our results to correlators
in conformal theories. As a simple example of this, consider the Landau-Ginzburg theory
with superpotential

1
W= g(X% + X5+ X3) — yX1 Xo X3, (5.18)

This theory flows to a CFT. A Zs orbifold of this CFT with action
(X17X27 X3) - (CX17 CX27 CX3)7

with ¢3 = 1, corresponds to the CFT on T? constructed as the hypersurface W = 0 in P2.
The easiest way to see this is to construct the torus in a linear model and then consider the
Landau-Ginzburg phase. We will compute the unique three-point function in the untwisted
sector: C(y) = (X1X2X3). We expect to find a singularity in the correlator at y3 = 1.7
To compute this correlator, we will follow the most straight-forward route: we will
deform the superpotential with a relevant deformation, compute the correlators, and then
take the deformation parameter to zero. A simple deformation that does the job is to take:

1
W= (X] + X5 + X3) — yX1 Xo Xy — #(Xy + X + Xp). (5.19)

"This is of course a little misleading. This singularity does not correspond to a real singularity in the
torus SCFT. It is the avatar of the large complex structure limit, and the seeming singularity may be
removed by a proper renormalization of the operators.
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This superpotential has eight critical points arranged in orbits of the Z3 C S3 that permutes
the X;:
(Y,Y)Y),
(Z> Za _(1 + y)Z),
(Z> _(1 + y)Z> Z)7
(_(1 + y)Z7 27 Z),

where Y? =#2/(1 — y) and Z? = t2/(1 + y + y*). The Hessian is given by

(5.20)

2X1+X2 +X3

H =X X2X5|8(1 —12%) — 2%t
1A2A43 ( y) Yy X1 Xy X3

(5.21)

There are two ways in which these critical points may degenerate: when y3 = 1, we
see that all the points run off to infinity, while when y = —2, the critical points collapse to
(:l:%, :I:%, :l:%) While we expect the singularity from ¢ = 1 to survive the t — 0 limit,
we had better find that troubles at y = —2 are illusory. This is indeed the case:

X1X2X3 X1X2X3
= .22
Cly) = S|+ | (5.22)
_ 2 6(1+y) _ 1
20-y)(y+27? 20-9°)(y+20° 1-9*
Now let us consider (0,2) deformations of this example. We take
1 = X§ — 1 Xo X3 — 17,
Jo = X5 — y2 X3 X1 — 17,
Js = X2 — 3 X1 Xo — 12, (5.23)

We note that these deformations cannot be undone by a field-redefinition. The (2,2)
locus is y1 = y2 = y3. To compute C(y1,y2,y3) we can use standard elimination theory to
algebraically solve for X5 and X3 in terms of X1, leaving us with an eighth-order polynomial
for X;. Alternatively, we may use constraints from the (2,2) locus, permutation symmetry,
and simple selection rules to constrain the correlator. Either way, we find a simple answer:

1

_ 5.24
1 —y1y2u3 (5.24)

C(y17 Y2, y3) =
As in the massive example, we see that the correlator reveals additional singularity structure
of the LG theory off the (2,2) locus.

6. Conclusions

We have computed correlators of chiral observables in (0,2) deformations of (2,2) Landau-
Ginzburg theories and have found a simple result: the correlators are given by a weighted
sum over the supersymmetric vacua. In other words, in these theories the (2,2) locus is not
distinguished even by computability. We have presented several concrete examples illustrat-
ing the general result, as well as a few simple techniques useful in explicit computations.
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This simple result means that in a large class of (0, 2) theories, important RG-invariants
may be computed by simple algebraic techniques. The computation of correlators in con-
formal LG models follows in an obvious fashion, and we suspect that when generalized
to the gauged linear sigma model, our results may well lead to a (0,2) version of the
Morrison-Plesser quantum restriction formula. More immediately, having explicit expres-
sions for correlators in these theories will help to determine the (0,2) mirror map needed
to reconcile the results of Guffin and Katz [[7 and those of [IT]. Finally, we expect very
similar formulae to exist for (0,2) theories that do not possess a (2,2) locus. These include
phenomenologically interesting cases; for example, the Landau-Ginzburg phase of the (0, 2)
quintic with a rank 4 bundle.
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